Abstract. We show that the minimal hypersurface method of Schoen and Yau can be used for the "quantitative" study of positive scalar curvature. More precisely, we show that if a manifold admits a metric g with sg > |T | or sg > |W |, where sg is the scalar curvature of of g, T any 2-tensor on M and W the Weyl tensor of g, then any closed orientable stable minimal (totally geodesic in the second case) hypersurface also admits a metric with the corresponding positivity of scalar curvature. A corollary about the topology of such hypersurfaces is proved in a special situation.
Introduction
In the study of the topology and geometry of Riemannian manifolds with positive scalar curvature, two approaches have played a fundamental role. The first one was initiated by Lichnerowicz in 1961 [4] and is based on the Bochner-Weitzenbock formula for the Dirac operator acting on spinors. This method was greatly developed in a series of papers by Gromov and Lawson. The second method made its appearance in the paper of Schoen and Yau in 1979 [5] and used the theory of minimal hypersurfaces. One of the applications of these methods was to the question of which manifolds admit complete metrics of positive scalar curvature.
It is natural to seek "quantitative" versions of the above "qualitative" question. Our notion of "quantitative" is the following: let (M, g) be a Riemannian manifold and s (or s g , if we want to emphasize the dependence on g) the scalar curvature of g. If f : M → R is a function (depending on g and not necessarily smooth), we are interested in the topological implications of the condition s > f . In this paper we consider functions f = f g that are of conformal weight -2 in the terminology of [3] . This means that f is a function which depends on the metric g in the following way: f u 2 g = u −2 f g . It can be shown (cf. [3] ) that, if f is Lipschitz continuous, the conformal class of every metric contains a C 2,α metric for which s > f , s < f or s = f and these possibilities are mutually exclusive. Hence the condition " s > f " is actually a conformal notion.
We consider two examples of such f . 1) f = |T | where T is 2-tensor on M and |T | denotes the pointwise norm of T with respect to g.
2) f = |W | where W is the Weyl tensor of g and |W | again denotes pointwise norm.
When T is a closed 2-form on M , Gursky and Lebrun [3] used a variation of the spinor method to obtain obstructions to the existence of metrics with s > |T | and using this they calculated the Yamabe invariant of certain 4-manifolds. The purpose of this note is to show that the minimal hypersurface method also yields information in the context of modified scalar curvature and derive some geometric corollaries. More precisely, we have
Combining the above theorem with the Böchner formula for harmonic 2-forms on 4-manifolds we obtain the following corollaries.
Note that the second variation formula for the area functional (see (2) in Section 2) implies that if a manifold M has Ric ≥ 0, then any stable minimal hypersurface in M is totally geodesic. Combining this observation with the existence of orientable stable minimal hypersurfaces in codimension-one homology classes in M (when M is orientable and dim M ≤ 7) and the above result, we get 
Proofs
Proof of Theorem 1.1. The proof of (i) is a minor modification of the one in [5] . We prove (i) and then indicate the changes needed to prove (ii). The object of our study will be the modified scalar curvature σ(g, f ) corresponding to a function f g of conformal weight −2 defined by
For the functions in examples 1) and 2), we use the notation σ(g, T ) and σ(g, W ) respectively.
We begin by noting that, under a conformal change of the metric g →g = u 4 n−2 g, the modified scalar curvature transforms by
This follows immediately from the corresponding transformation law for the usual scalar curvature s cf. [1] . The stability of the minimal surface Σ implies that for any smooth function φ on Σ,
where N is a unit normal vector field on Σ, Ric is the Ricci tensor of g and B is the second fundamental form of Σ. We now come to the proof of (i). The assumption in the theorem translates to the condition σ(g, T ) > 0.
As in [5] , using the Gauss curvature equations and the minimality of Σ, the above inequality can be written as
where s Σ is the scalar curvature of Σ with the induced metric. Since s > |T | and |i * (T )| < |T |, we get
If △ is the Laplace operator of Σ, then the above inequality implies that for λ ≥ 0, the only C 2 solution of the equation
is the zero function. As in [5] , this can be seen by multiplying the above equation by φ and integrating, to get
which is impossible.Now define the operator
and let
< Lf, f > and u > 0 be the corresponding eigenfunction. Note that since σ h, i * (T ) is, in general, Lipschitz continuous but not smooth (at the zero locus of |T |), the best regularity we can obtain for u is that u ∈ C 2,α for any 0 < α < 1. This is sufficient for our purposes. By definition, u satisfies and hence is positive, by (4) . This completes the proof of (i).
To prove (ii), the only extra point to note is that in order to get the inequality corresponding to (3), we need to know that if Σ is totally geodesic, then |W i * (g) | ≤ |W g |. This follows from the following claim, since |i * (W g )| ≤ |W g |.
CLAIM: |W i * (g) | ≤ |i * (W g )|.
